We calculated, using seven realistic 4 He -4 He potentials in the literature, the Efimov spectra of 4 He trimer and tetramer and analyzed the universality of the systems. The three-(four-)body Schrödinger equations were solved fully nonadiabatically with the high-precision calculation method employed in our previous work on the 4 He trimer and tetramer [Phys. Rev. A 85, 022502 (2012); 85, 062505 (2012)]. We found the following universality in the four-boson system: i) The critical scattering lengths at which the tetramer ground and excited states couple to the four-body threshold are independent of the choice of the two-body realistic potentials in spite of the difference in the short-range details and do not contradict the corresponding values observed in the experiments in ultracold alkali atoms when scaled with the van der Waals length r vdW , and ii) the four-body hyperradial potential has a repulsive barrier at the four-body hyperradius R4 ≈ 3 r vdW , which prevents the four particles from getting close together to explore nonuniversal features of the interactions at short distances. This result is an extension of the universality in Efimov trimers that the appearance of the repulsive barrier at the three-body hyperradius R3 ≈ 2 r vdW makes the critical scattering lengths independent of the short-range details of the interactions as reported in the literature and also in the present work for the 4 He trimer with the realistic potentials.
I. INTRODUCTION
The universal physics of few particles interacting with resonant short-range interactions, commonly referred to as Efimov physics [1] , has intensively studied in recent years both experimentally and theoretically (e.g. [2] [3] [4] for a review). The resonant short-range two-body interaction with the s-wave scattering length a at the unitary limit a → ±∞ generates the effective three-body attraction that supports an infinite number of weakly bound three-body states, known as the Efimov trimers, with the peculiar geometric universal scaling of their energies. For a potential with a finite scattering length a, only a finite number of the three-body bound states exist. The critical scattering length, a (0) − , for the appearance of the first Efimov state at the three-body threshold on the a < 0 side, often referred to as the three-body parameter, was initially considered as a nonuniversal quantity to be affected by the short-range details of the interactions. The absolute position of a (0) − , which determines the overall scale of the whole Efimov spectrum, is not predicted by the low-energy effective theories [1, 3, 4] .
However, several recent experiments with identical ultracold alkali atoms suggested that the three-body parameter a (0) − might be universal since the observed values in Refs. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] are approximately the same in units of the van der Waals length r vdW for different atoms, a (0) − /r vdW ≈ −9.5 ± 15% as summarized in Refs. [12, [17] [18] [19] , where r vdW = 1 2 (mC 6 /h 2 ) 1/4 with the atomic mass m and the coefficient C 6 of the long-range potential r −6 [20] . * Electronic address: hiyama@riken.jp † Electronic address: mkamimura@riken.jp This interesting result has stimulated the theoretical studies in Refs. [18, [21] [22] [23] [24] [25] [26] [27] . In Ref. [18] , with a numerical study in the adiabatic hyperspherical representation, the universality of the three-body parameter a (0) − /r vdW has been understood as follows: The origin of the universality is related to the suppression of the probability to find two particles at distances r < ∼ r vdW where the pairwise interaction features a deep well supporting many two-body bound states or a short-range hardcore repulsion. This suppression leads to the formation of the universal three-body potential barrier around the three-body hyperradius R 3 ≈ 2 r vdW (see Eq. (2.2) below for the definition of the A-body hyperradius). This barrier prevents the three particles from simultaneously getting close together to explore nonuniversal features of the interactions at short distances. Reference [26] elaborated on this physical mechanism by elucidating how the two-body suppression leads to appearance of the universal barrier at R 3 ≈ 2 r vdW .
As for the 4 He trimer interacting with a realistic 4 He potential that has a strong repulsive core at r ≈ r vdW and supports only one two-body bound state, one of the present authors (E.H.) and the collaborators [24] showed, by performing a nonadiabatic three-body calculation, a
− is consistent with the observed value of the three-body parameter in alkali atoms when scaled with the effective range.
One of the aims of the present paper is, using the same framework, the Gaussian expansion method (GEM) [28] [29] [30] [31] [32] for few-body systems, as in our previous papers [33] and [34] (hereafter referred to as paper I and paper II, respectively), to calculate the Efimov spectra of the 4 He trimer with the seven different realistic 4 He potentials [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . We show that the calculated three-body parameters a
− for the ground (v = 0) and excited (v = 1) states are independent of the difference in the short-range details of the realistic potentials and are consistent with the observed values of the first and second Efi-mov resonances in the experiments for the alkali trimers when scaled with the van der Waals length.
From the 4 He trimer wave functions described with the three sets of the Jacobi coordinates, we derive the three-body potential U 3 (R 3 ) as a function of the three-body hyperradius R 3 and show that U 3 (R 3 ) has a repulsive core at R 3 ≈ 2 r vdW and the three-body probability density inside the core is heavily suppressed both in the ground and excited states. This supports, from the view point of the realistic interactions, the finding [18, 26] of the appearance of the three-body repulsion universally at R 3 ≈ 2 r vdW in the first Efimov trimer state.
As long as the tetramers of the alkali atoms are concerned, recent experiments have observed the scattering lengths a , at which the first and second universal four-body states tied to the first Efimov trimer state emerges at the fourbody threshold on the a < 0 side. The data [2, 7, 14, 15] exhibit a universal property a Another aim of this paper is to calculate the four-body Efimov spectra of the 4 He tetramer states (v = 0, 1) associated with the trimer ground state using the same realistic 4 He potentials as above and present that the calculated values of the a are independent of the details of the potentials at short inter-particle separations and do not contradict the observed values when scaled with the van der Waals length. From the calculated tetramer wave function described with the full 18 sets of the Jacobi coordinates, we derive a four-body potential U 4 (R 4 ) as a function of the four-body hyperradius R 4 and show that the repulsive core is located at R 4 ≈ 3 r vdW and the four-body probability density inside the core is heavily suppressed both in the ground and excited states.
The region suppressed by the three-(four-)body barrier in the 4 He trimer (tetramer) is significantly larger than the region that is trivially excluded by the two-body repulsive core at r ≈ r vdW , which makes the critical scattering lengths insensitive to the short-range physics.
It is to be noted that the present work has the following limitation: The realistic 4 He-4 He potential with the van der Waals tail is a single-channel potential into which excitation of the interacting particles is renormalized, and no excited channel is explicitly incorporated in the present framework. Therefore, we shall compare our results with the property of the broad Feshbach resonances in the ultracold alkali atoms and consider that our single-channel model is not applicable to the narrow resonances generated by the multi-channel effects (cf. for instance, Refs. [20, 46] Although the Efimov trimers have been observed in experiments with ultracold alkali atoms, the study of 4 He clusters has been providing with the fundamental information to the universal Efimov physics. In this paper, we intend to add the new understanding that even 4 He potentials are consistent with measurements in ultracold atoms for broad Feshbach resonances of trimers and tetramers tied to the trimer ground states and that this fact shows the large extent of universality in three-and four-body systems with interactions featuring van der Waals tails.
A. Gaussian expansion method for few body systems
In order to solve accurately the three-and four-body Schrödinger equations for the 4 He trimer and tetramer, we use the Gaussian expansion method for few-body systems [28] [29] [30] [31] [32] explained precisely in papers I and II. We employ the seven kinds of realistic 4 He-4 He potentials; names of the potentials are LM2M2 [35] , TTY [36] , HFD-B [37] , HFD-B3-FCI1 [38] [39] [40] , SAPT96 [40] [41] [42] , CCSAPT07 [43] , and PCKLJS [44, 45] . Among them the PCKLJS is currently the most sophisticated and accurate as explained in paper II, while the LM2M2 has most popularly been used in the literature.
The realistic 4 He potentials has a strong repulsive core ( Fig. 1) , which makes it technically challenging to solve the low-energy few-body problems accurately. As was shown in papers I and II, however, our method is suitable for describing both the short-range correlations (without a priori assumption of any two-body correlation function) and the long-range asymptotic behavior of the 4 He trimer and tetramer.
The wave function of the A-body 4 He-atom system (A = 2 − 4), say Ψ A , is obtained by solving the Schrödinger equa- tion in the fully nonadiabatic manner:
where T is the kinetic energy and V 2 (r ij ) is the realistic 4 He potential as a function of the pair separation r ij (see below for the factor λ). Ψ A has the total angular momentum J = 0. The mass parameter is fixed toh 2 m = 12.11928 KÅ 2 [49] where m is mass of 4 He atom. The 4 He tetramer wave function Ψ 4 is calculated by expanding it in terms of the totally symmetrized L 2 -integrable K-type and H-type four-body Gaussian basis functions of the full 18 sets of the Jacobi coordinates as was explained in paper I. The expansion coefficients and eigenenergy E 4 are determined by diagonalizing the Hamiltonian in the large function space. The nonlinear parameters, such as the Gaussian ranges in geometric progressions, taken in the calculation were explicitly tabulated in paper I. Similar prescription is applied to the trimer (dimer) wave function Ψ 3 (Ψ 2 ).
For plotting the three-(four-)body Efimov spectrum of the 4 He trimer (tetramer), we calculate the energies of the ground and excited states, E The realistic 4 He potentials have the same van der Waals potential −C 6 /r 6 but the binding energy of the 4 He dimer ranges from 1.309 mK (LM2M2) to 1.744 mK (SAPT96) with some 30% difference (cf. Table I below) due to the variation in the short-range physics. We illustrate in Fig. 2 the potential differences between the three example potentials (LM2M2, PCKLJ and SAPT96). It is of interest to examine to what extent those differences affect the critical scattering lengths a 
B. Three-(four-)body hyperradial potential
In order to investigate the short-range repulsive barrier in terms of the A-body hyperradius R A (A = 3, 4), we derive the hyperradial wave function from our wave function Ψ (v)
A . Although there are several conventions to define R A , the present paper employs the definition in Refs. [53, 54] for the A-body system with an equal mass:
where r i is the position vector of particle i. (r 2 12 + r 2 13 + r 2 23 ) ≈ 0.93R 3 . We define the probability density of the A-body system, ρ 
where D is given by D = (3N − 1)/2 with N = A − 1 [53] and ρ
In Appendix, we explain in more detail how we calculate Eq. (2.3) using Ψ
(v)
A which is written in terms of the full sets of Jacobi coordinates.
We relate the hyperradial density ρ 4) and consider that f
A (R A ) satisfies the single-channel hyperradial Schrödinger equation for the 4 He trimer and for the tetramer associated with the ground-state trimer:
(cf. Eq. (4.4) in Ref. [53] , Eq. (6) in Ref. [26] and Eq. (1) in Ref. [18] ). In Eq. (2.5), the nonadiabatic effect and the coupling to other channels appearing in the hyperspherical framework are all renormalized into the A-body hyperradial poten-
We derive U
The result should satisfy U (0)
A (R A ) as the potential U A (R A ) in the Schrödinger Eq. (2.5); this will successfully be examined in Secs. III B and IV B.
At large R 3 , one would expect that U 3 (R 3 ) asymptotes to
with s 0 ≈ 1.00624 as the usual Efimov behavior of the potential [1, 18, 26] . It will be shown in Sec. III B that U We note that if the two-body repulsive core at r 12 ≈ r vdW is the direct origin of the repulsive barrier in U A (R A ), the particles could come close together reaching R A ≈ √ A − 1 r vdW when all the r ij ≈ r vdW in Eq. (2.2); but this will be denied in Secs. III B and IV B since the possible minimum R A is derived as R A ≈ (A − 1) r vdW (A = 3, 4) in the actual calculation.
III. RESULT FOR
4 He TRIMER
A. Three-body parameter
The calculated Efimov spectrum for the 4 He trimer is plotted in Fig. 3 with the solid curves; the trimer energies E (0) 3
and E
3 are illustrated as functions of the scattering length a. Following the literature, we have drawn (|E|/E vdW ) 1/4 versus (|a|/r vdW ) −1/2 so that both curves are graphically represented on the same scale. The scattering length a and the The result in Fig. 3 depends little on the seven kinds of the realistic potentials so that the curves are the same for different potentials within the thickness of the lines. We note that, in the case of the LM2M2 potential, almost the same figure as Fig. 3 was already reported by one of the authors (E.H.) and the collaborators [24] and by Gottobigio et al. [52] .
In Fig. 3 , a
− and a
− indicate the critical scattering lengths at which the trimer energies E Table I together with the recent experimental values for the alkali-atom trimers [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] 
− /a 0 = −832(1) showing a negligible contribution from the difference in their short-range details shown in Fig. 2 .
Here, we introduce a modified van der Waals length, saỹ r vdW , for the scaled 4 He potential λV 2 (r ij ) that gives a (0) − and a
− with the λ values listed in Table I : − , where the Efimov spectra (v = 0, 1) cross the threebody threshold on the negative a side (cf. Fig. 3 6 Li [9, 10] respectively. In the present calculation of the 4 He trimer using the realistic 4 He potentials, we have also found that the ratio gets smaller than the universal value, giving (a (1) 3 = 534 is close to the ratio 531 in Ref. [23] in the case of a broad Feshbach resonance with the strength parameter s res = 100. This again implies the applicability of the present calculation using the singlechannel atom-atom potential to systems featuring broad Feshbach resonances.
Calculated three-body densities |f Fig. 4 for R 3 < 7 r vdW and in Fig. 5 (log scale) for R 3 < 25 r vdW as the solid curve (v = 0) and the dotted red curve (v = 1). In Fig. 6 , the three-body potentials U A striking aspect of these figures is that the hyperradial potentials satisfy U 4 He trimer ground (solid curve) and excited (dotted red curve) states versus the three-body hyperradius R3 for R3 < 7 r vdW . The dotted curve has been multiplied by a factor 463 to emphasize that the two states exhibit the same shape of the strong short-range correlations for R3 < ∼ 3 r vdW . From the behavior of the potentials U (v) 3 (R 3 ) and the densities |f
, we recognize that there is a threebody repulsive barrier at R 3 ≈ 2 r vdW . Inside the barrier, R 3 < ∼ 2 r vdW , the probability of finding the atoms is heavily suppressed. This result supports the finding, in Refs. [18, 26] , of the appearance of the effective three-body repulsion with the adiabatic hyperspherical calculations. Our potential in Fig. 6 is close to the the hyperradial three-body potential for the first Efimov trimer state obtained in Fig. 3b of Ref. [18] and Figs. 1 and 7 of Ref. [26] .
The hyperradius R 3 ≈ 2 r vdW of the three-body repul- .7), and the dashed blue curve is for the density |f sive barrier corresponds to the inter-particle distance r ij ≈ √ 2 r vdW when all the r ij are equal to each other in Eq. (2.2). The distance is √ 2 times larger than the radius of the twobody potential core r 12 ≈ r vdW and is located almost outside the region where the difference in the seven realistic potentials is seen in Fig. 2 ; this is due to the nonadiabatic three-body dynamics that, as was pointed out in Refs. [18, 26] , the suppression of the two-body probability for r ij < ∼ r vdW leads to the three-body repulsion for R 3 < ∼ 2 r vdW .
IV. RESULT FOR
4 He TETRAMER
A. Four-body Efimov spectrum
Using the same method of papers I and II, we solved the four-body Schrödinger equation (2.1) for the ground (v = 0) and excited (v = 1) states of the 4 He tetramer changing the factor λ for the potentials. The four-body Efimov spectrum of E (0) 4 and E (1) 4 is plotted in Fig. 7 in the solid curves together with the spectrum of 4 He trimer in the thin solid blue curves. We note that the four-body Efimov plot for the 4 He tetramer calculated with the realistic 4 He potential is reported for the first time in the present paper. Using effective two-body plus three-body Gaussian potentials, Gattobigio et. al [52] obtained a similar plot as Fig. 7 for the 4 He tetramer. We find two tetramer bound states, one deep and one shallow, tied to the trimer ground state; this agrees with the key prediction in Refs. [58, 59] that there are two universal four-body states associated with each Efimov trimer.
In Fig. 7 , a 
cross the four-body threshold on the negative a side (see Fig. 7 4 /E vdW as a function of the scaled-inverse scattering length (a/r vdW ) −1 for the ground (v = 0) and excited (v = 1) states. The curves for different potentials overlap with each other within the line thickness. The thin solid blue curves denote the trimer spectrum which is the same as that in Fig. 3 . a Table I for the trimer, the seven realistic potentials give the same value as a Table II . Reference [59] predicted that the universal properties of the four-body system are directly related to the three-body subsystem as a The density distributions |f 4 (R 4 ) is satisfied, which is required as the potential of the Schrödinger equation (2.5) for the tetramer states attached to the trimer ground state; the two states are to be generated by the same hyperradial potential dominantly for the relative motion between the trimer ground state and the fourth atom, for instance, as seen in Fig. 2 of Ref. [59] .
From the behavior of the potentials U
4 (R 4 ) and the density distributions |f presses the four-body density in the region R 4 < ∼ 3 r vdW , which makes a insensitive to the short-range details of the interactions seen in Fig. 2 . The four-body repulsion radius R 4 ≈ 3 r vdW corresponds to the interparticle distance r ij ≈ √ 3 r vdW when all the r ij are equal to each other in Eq. (2.2). The distance is √ 3 times larger than the two-body core radius r 12 ≈ r vdW and is located outside the region where the short-range details of the seven realistic potentials differ from each other (Fig. 2) . Inversely, if all the r ij are artificially replaced by the two-body core radius, the fourbody repulsion radius becomes R 4 ≈ √ 3 r vdW . The increase of the core radius R 4 by factor √ 3 in the actual four-body system is due to the nonadiabatic four-body dynamics which is an extension of the mechanism discovered in Ref. [18] for the three-body systems.
For four-body bound states, the universal repulsion appears at larger distance than the three-body ones, suggesting that the four-body states tend to be more universal than the three-body ones. We note that in Ref. [60] for the study of N -body 4 He clusters (N = 3 − 10) with the LM2M2 potential, effective N -body hyperradial potentials were approximately calculated on the basis of the Monte Carlo methods combined with the adiabatic hyperspherical approach and were used to calculate the N -body excited bound states. The radius of the repulsive potential core becomes larger with increasing N ; the radius in the potential figure seems consistent with the present result within ∼10% for N = 3 and 4. It is then conjectured that the universal N -body repulsion would generally appear in the Efimov associated N -body bound states (N > 3), rendering those states universal and insensitive to short-range details.
